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A strain-energy-basedmethod has been developed to predict the fatigue life of a structure subjected to either shear

or biaxial bending loads at various stress ratios. The framework for this method is an advancement of previously

conducted research that validates a uniaxial energy-based fatigue-life-prediction approach. The understanding

behind the approach states that the total strain energy dissipated during amonotonic fracture and a cyclic process is

the same material property, where the experimental strain-energy density of each can be determined by measuring

the area underneath the monotonic true stress–strain curve and the area within a hysteresis loop, respectively. The

developed framework consists of two elements: a life-predictionmethod that calculates shear fatigue-life cycles and a

multi-axial life-predictionmethod capable of calculating biaxial fatigue-life cycles. A comparison wasmade between

the two framework elements and experimental results from three different aluminum alloys. The comparison shows

encouraging agreement, thus providing credence in the prediction capabilities of the proposed energy-based

framework.

Nomenclature

C = material parameter for cyclic strain
Cs = material parameter for cyclic shear strain
E = modulus of elasticity
F = applied load
G = shear modulus
N = number of cycles to failure
p = constant denoting principal direction of stress

and strain
R = alternating stress ratio (minimum versus maximum

stress)
Ry = distance from the neutral axis to the specimen surface
UT = multi-axial strain energy per surface area per cycle
Wcycle = strain-energy density per cycle
WN = fatigue strain-energy density
X, Y = coordinate axes
�1 = monotonic stress regression slope
�2 = monotonic stress regression constant
� = shear strain
�cycle = cyclic shear strain
�mean = shear mean strain
�u = ultimate shear strain
�0 = material parameter for monotonic shear strain
" = strain
"a, "b,
"c

= directional strain for a 60 deg rosette

"cycle = peak-to-peak cyclic strain
"f = failure strain
"n = ultimate tensile strain
"o = material parameter for monotonic strain

"1, "2,
"3

= principal strain

� = Poisson’s ratio
� = stress
�E = new equivalent stress value for nonlinear load analysis
�PP = peak-to-peak cyclic stress
�c = material parameter for cyclic strain
�equiv = equivalent stress
�max = maximum alternating stress
�min = minimum alternating stress
�n = ultimate tensile stress
�o = material parameter for monotonic strain
�p = general form for principal stress
�1, �2,
�3

= principal stress

� = shear stress
�PP = peak-to-peak shear stress
�c = material parameter for cyclic shear strain
�mean = mean shear stress
�o = material parameter for monotonic shear strain
�u = ultimate shear stress
�y = 0.2% shear yield stress

I. Introduction

S TRUCTURAL components in gas turbine engines are often
designed to be failure-free throughout significant durations. To

ensure this, fatigue design tools such as a stress-versus-cycles plot
(S–N curve) have been used to observe fatigue strength due to the
respective failure cycles. Other tools for assessing fatigue properties
are the Goodman diagram and the modified Goodman diagram [1].
The Goodman diagram is a plot of alternating stress vs mean stress
and represents the fatigue properties of a material at a specified
number of failure cycles. The Goodman diagram and the S–N curve
are often constructed with uniaxial fatigue data, which is con-
ventionally acquired by servohydraulic machinery operating in
tension/compression (axial). High-cycle fatigue (HCF) of turbine
engine blades, however, often occurs under high-order bending or
combined bending and twist modes [2]. Therefore, the uniaxial
fatigue results from the Goodman diagram and the S–N curve are
insufficient means for characterizing the fatigue that occurs in gas
turbine engine blades. Adding to this insufficiency, conventional
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uniaxial fatigue testing requires a significant amount of time to obtain
a singleHCF result, due to operating frequencies in the order range of
10–100 Hz. This means that an extremely long time is required to
construct several data points on a HCF Goodman diagram.

To generate experimental data that provided a realistic comparison
to turbine engine blade fatigue life, a vibration-based testing method
was developed to acquire uniaxial bending fatigue results [2,3]. The
test method is carried out by supplying a dynamic base excitation
from an electrodynamic shaker to a cantilever specimen at a specified
high resonant frequency, roughly between 1200–1600 Hz, that
shows free-edge bending behavior [2,3]. This methodology, along
with a prestraining procedure [4], is also capable of acquire fatigue
for various stress ratios. Therefore, the vibration-based testing
method has the capability to construct a uniaxial bending Goodman
diagram [4,5]. Because of the operational frequency of the vibration-
based testing device, which is significantly higher than conventional
tension/compression devices, Goodman fatigue data can be con-
structedwithin a reasonable time frame. In other words, the use of the
vibration-based method requires only 1.5 to 2.5 h to accumulate 107

cycles, as opposed to more than 28 h for the conventional method.
Along with experimentally representing the uniaxial bending

behavior of gas turbine engine components at high resonant fre-
quencies, developing a design tool to observemulti-axial fatiguewas
essential as well. This led to understanding the connection between
strain energy and failure. This relationship has been studied since the
earlier part of the 20th century [6]. In the 1940s and 1950s, a number
of well-publicized attempts to relate strain energy per cycle to the
number of cycles for failurewere considered and resulted in minimal
success [7]. Success in this area was achieved by introducing the
hypothesis stating that under cyclic loading there exists a critical
energy value at which failure occurs [8]. Further investigation of this
assumption led to the introduction of a more sufficient correlation
between the fatigue life of a material and the strain-energy dissi-
pation during the fatigue process. The introduced correlation states
that the strain energy required to fracture a material monotonically is
the same as the strain energy accumulated during a cyclic fatigue
procedure [7,9]. Therefore, the critical energy value for eachmaterial
is the monotonic strain energy. Based on this understanding, an
energy-based fatigue-life-prediction method with the capability of
accurately predicting uniaxial fatigue life (bending and tension/
compression) at various stress ratios was developed [10,11].

The development of an energy-based multi-axial fatigue-life-
prediction method is presented in this paper. Also presented is
an energy-based shear fatigue-life-prediction method. Both the
shear and the multi-axial prediction methods were compared with
aluminum-alloy experimental results. The comparisons show en-
couraging correlation and promise for the entire energy-based
fatigue-life-prediction criterion.

II. Previous Research Scope

A. Improved Energy-Based Prediction Method

for Tension/Compression

Though several energy-based methods for predicting tension/
compression fatigue life have been developed [7,9], an improved
criterion with the capability to also predict uniaxial bending fa-
tigue life was essential. This improved energy-based criterion was
developed from the stress–strain representation of themonotonic and
cyclic loading behavior displayed in Eqs. (1–3). Equations (1) and
(2) represent the respective stress–strain relation before and after the
necking phenomenon, and Eq. (3) is the stress–strain relation used to
construct one cyclic (hysteresis) loop [9,10]. The relationship of
Eq. (3) was developed based on the observation of cyclic stress and
strain on a generalized coordinate system. This coordinate system,
which can be seen in Fig. 1, plots the minimum stress–strain point of
the hysteresis loop as the origin:

"� �
E
� "o sinh

�
�

�o

�
(1)

� � �1"� �o (2)

"cycle �
�PP
E
� 1

C
sinh

�
�PP
�c

�
(3)

The parameters for Eqs. (1–3) are defined as follows: � is the value
for stress at the surface of the specimen; " is the strain corresponding
to the stress �; �1 and �o are the respective slope and intercept of
the stress–strain relationship in the region from ultimate tensile to
fracture (necking region); �pp is the generalized stress value corres-
ponding to the generalized cyclic strain "cycle [2� is substituted for�pp
in Eq. (3) after all necessary derivations]; E is the modulus of
elasticity, and the variables �c, �o, "o, andC are curve-fit parameters
[10]. The curve-fit parameters for the cyclic and monotonic
representations are statistically acquired by comparing the respective
Eqs. (1–3) with experimental low-cycle and monotonic-tensile
experimental results [10,12].

The energy-based prediction method calculates fatigue life by
taking the total monotonic strain-energy density and dividing it by
the strain-energy density for one cycle. The total strain-energy
density dissipated during a monotonic process is determined as the
area underneath the curve constructed by Eqs. (1) and (2). The strain-
energy density for one cycle, however, is calculated based on two
assumptions: the generalized coordinate system of Fig. 1 is used,
and the tensile behavior of the hysteresis loop is the same as the
compressive behavior. Therefore, cyclic strain-energy density is
defined by Eq. (4) and the tension/compression fatigue life of a
specified stress amplitude level � is calculated by Eq. (5) [10]. In
Eq. (5), �n is the ultimate stress, "f is the fracture strain, and "n is
the ultimate strain:

Wcycle � �PP"cycle � 2

Z
�PP

0

"cycle d�PP (4)

N�

C
�n�"n � �n

2E
� � "o�o�cosh��n�o� � 1� � �1

2
�"2f � "2n���o�"f � "n�

2�cf ��c sinh�
2�
�c
� � �cosh�2�

�c
� � 1�g

(5)

The results from Eq. (5) are compared with previously acquired fully
reversed tension/compression Al 6061-T6 experimental results and
the corresponding linear regression curve on the S-N plot of Fig. 2.
The comparison shows that the criterion provides good life esti-
mations for tension/compression fatigue results. To further validate
the accuracy of the comparison, experimental strain-energy density
per cycle is plotted with the corresponding cycles to failure. These
results are then compared with the energy-based predicted cyclic
strain-energy density and the related cycles to failure in Fig. 3. It
has been previously presented that the logarithmic slope of this
comparison is roughly�0:6 [13]. Though the experimental results of

Fig. 1 Generalized hysteresis loop.
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Fig. 3 agree with this belief, further analysis of the cyclic strain-
energy density calculationmethod is conducted to provide reasoning
for this agreement. Conclusion of this analysis shows that the varia-
tion between experimental and analytical results is more obvious in
test data with a higher standard deviation of the curve fit between
Eq. (3) and the experimental hysteresis loop. Because of a more
sensitive stress–strain comparison, a minor deviation of the curve
fit causes major variation in strain-energy density calculation.
Therefore, the cyclic curve-fit parameters that provided minimal
standard deviation were used in the prediction method of Eq. (5).

B. Improved Energy-Based Prediction Method with Stress Gradient
Effect (Bending)

To extend the tension/compression energy-based criterion to the
bending case, the difference between stress gradient effect through
the thickness of the bending and tension/compression specimen was
evaluated. This difference is illustrated in Fig. 4. Since the stress
distribution of the bending specimen varies with respect to the
distance from the neutral axis, the strain energy through the thickness
of each bending fatigue specimen (effective strain energy) was
evaluated. To determine effective strain energy, the alternating stress
from the monotonic and cyclic strain equations was written as a
function of the vertical axis [11]. Bending fatigue-life-prediction
results were calculated from the energy-based method of Eq. (6),
which is the monotonic strain energy per surface area divided by the
cyclic strain energy per surface area:

N�

C
�n�"n � �n

2E
� � "o�o�cosh��n�o� � 1� � �1

2
�"2f � "2n� � �o�"f � "n�

�c�cosh�2��c� �
3�c
2�

sinh�2�
�c
� � 2�

(6)

A prediction-versus-experiment comparison is shown in Fig. 5 for
both uniaxial cases of Al 6061-T6.

C. Improved Energy-Based Method with Mean Stress Effect

When positive mean stress is included in a fatigue procedure, the
cycles required for fatigue are reduced because strain-energy density
is dissipated monotonically and plastic strain per cycle is increased
[11]. The total strain-energy density required for fatigue at stress ratio

�R� �min=�max� � �1:0

is acquired by subtracting the monotonic strain-energy density
dissipated by mean stress from the total strain-energy density during
monotonic fracture [11]. Determining the strain-energy density per
cycle, however, requires a clear understanding of cyclic behavior
with mean stress effect. When evaluating the fully reversed tension/
compression cyclic behavior, two assumptions were set in place:
the strain equation was determined from a generalized coordinate
system, and the compressive portion of the cyclic stress–strain
relation is the same as to the tensile [10]. Both of these statements are
also assumed for cyclic loading with mean stress effect. Therefore,
Eq. (3) and all the corresponding parameter values are still used to
characterize the stress–strain behavior. The difference between the
fully reversed hysteresis loop and the hysteresis loop with mean
stress effect can be seen in the Al 6061-T6 experimental results of
Fig. 6. The figure shows that the compressive curve does not connect
to construct a complete loop when a mean stress is present. It is
therefore assumed that the initial andfinal points per cycle are located
on the horizontal mean stress line of the generalized coordinate
system. These changes are applied to the tension/compression
calculation method of Eq. (5). Comparisons between tension/
compression experimental results and energy-based prediction are

Fig. 2 Fully reversed tension/compression fatigue-life comparison for

Al 6061-T6 [10].

Fig. 3 Fully reversed tension/compression cyclic strain-energy com-

parison for Al 6061-T6 [11].

Fig. 4 Stress distribution of uniaxial specimens.

Fig. 5 Fully reversed uniaxial fatigue-life comparison (bending and

tension/compression) [11].
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shown in Figs. 7 and 8 for mean stress values of 70 and 138 MPa,
respectively.

III. Experimental Procedures

A. Shear-Testing Procedures

Three types of experimental tests were conducted using the
shear-loading procedure: fatigue, monotonic fracture, and low-cycle
testing. All three shear experiments were conducted using theASTM

D5379 [14] standard for composites and polymers, which suggests
the Iosipescu testing fixture shown in Fig. 9. The recommended
specimen under shear is a V-notched flat strip coupon that is
referenced by the ASTMD5379 [14] standard and shown in Fig. 10.
Based on an offset/eccentric load, the thickness is desired to be
0.635 mm to prevent a moment about the horizontal axis. The pure
shear load is distributed to the V-notched specimen using the MTS
System Corporation machine shown in Fig. 9. The entire shear test
setup is located in the Turbine Engine Fatigue Facility (TEFF) of the
U.S. Air Force Research Laboratory in the Propulsion Directorate at
Wright-Patterson Air Force Base .

The two strain gauges used to measure shear strain were micro-
measurement models CEA-13-062WT-350 and EP-08-125AC-350.
Each gauge read normal strain at	45 deg from the horizontal axis of
the test specimen. Shear strain was acquired by subtracting normal
strain results of the �45 deg gauge from the results of the �45 deg
strain gauge [14]. This form of measurement was used to acquire
strain for the low cycle and the monotonic testing procedures only.
Experimental results required for fatigue tests were the load, cycles,
and stroke (initial and final absolute displacement positions). These
results were acquired with the TestStarIIs data acquisition system of
the MTS machine.

Fig. 6 Experimental hysteresis loop with mean stress [11].

Fig. 7 Tension/compression fatigue-life comparisonwith 70MPamean

stress effect [11].

Fig. 8 Tension/compression fatigue-life comparison with 138 MPa

mean stress effect [11].

Fig. 9 MTS with Iosipescu fixture and setup.

Fig. 10 ASTM D5379 [14] V-notched beam specimen.
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Like the vibration-based bending case, fatigue during shear
experimentation is defined as the instance a crack appears on the
tested specimen. A crack is detected by observing the inconsistency
of cyclic experimental results. Inconsistency in the shear fatigue
experiment can be seen in an analysis of relative displacement
position versus number of cycles. The belief behind the analysis
states that when a crack is formed in the specimen, the stiffness
decreases. Since the shear fatigue testing is controlled by load
amplitude, a larger displacement is required as a crack propagates.
Therefore, based on the reverse polarity of the TestStarIIs, the initial
stroke displacement value begins to nonlinearly decrease when a
crack forms in the specimen. This behavior can be seen in Fig. 11.

Crack initiation and complete fracture in tension/compression
HCF cases have a negligible difference in cycle count [15]. There-
fore, in order to correlate the failure from the monotonic-tensile and
cyclic tension/compression procedures, monotonic failure is defined
as the point of complete fracture. This application, however, is not
valid for the shear case. Crack initiation and complete fracture occur
at noticeably different cycles. This difference can be seen on the shear
fatigue data of Fig. 11. Based on this understanding,monotonic shear
failure is observed at the point of crack initiation. Monotonic crack
initiation can be determined from the load versus displacement plot
in Fig. 12. The figure shows a sharp and distinct decrease in the
applied load, which is based on the change in the specimen’s stiffness
when a crack has developed.

B. Biaxial Fatigue-Testing Procedure

Biaxial fatigue results are acquired using the vibration-based
testing method [2,3,16]. Stated previously in the Introduction, the
vibration-based test is defined as a dynamic base excitation being
supplied to a cantilever specimen at a specified high resonant fre-
quency. The base excitation is supplied to the specimen with the

80 kN Ling electrodynamic shaker shown in Fig. 13. The biaxial
vibration-based setup is located in the TEFF. This particular test has
been successfully conducted in previous research [16].

The geometry for the biaxial specimen is shown in Fig. 14, in
which 57.15 mm of the specimen is clamped. This specimen was
developed via a geometrical design procedure discussed in [16] and
was further optimized based on some constrained parameters
from the original design [17]. The geometrical design procedure was
conducted to provide a specimen with the capability of generating
high excitation and a unique mode shape, which produced a more
significant von Mises stress level at a region other than the clamped
boundary and the edges of the test specimen. It is also desired that
the geometrical design procedure should provide the best biaxial
bending stress ratio for experimental fatigue. In otherwords, the x-to-
y stress ratio is 1.5.

Before conducting a biaxial fatigue test, a finite element method
(FEM) harmonic analysis is carried out for three reasons: validate the
geometrical optimization procedure, establish the location of the
measurement instrumentation on each specimen, and determine the
frequency atwhich biaxial bending occurs. This analysis is generated
using two FEM software: ABAQUS for processing only and IDEAS
for pre- and postprocessing [16]. Results from a previous FEM
analysis of the biaxial specimen are shown in Fig. 15. In this figure,
thevonMises results (Fig. 15b) show that themaximum stress level is
considerably larger in a region away from the clamped edge. Also
shown is that the corresponding normal stress ratio for X versus Y
(Figs. 15c and 15d, respectively) is approximately 1.5. This means
that the biaxial fatigue crack will propagate along the Y-axis.

Fig. 11 Relative specimen position at individual cycles.

Fig. 12 Load-displacement monotonic shear results.

Fig. 13 Ling 80 kN electrodynamic shaker.

Fig. 14 Biaxial fatigue specimen (modified geometry) [17].
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A laser vibrometer and a strain gauge are used to acquire velocity
and strain results from biaxial experiments, respectively. The strain
gauge used was a 60 deg rosette (SK-05-060WY-350), which is
capable of reading normal strains in three directions. The rosette
strain gauge has a limited fatigue-life rating. Therefore, the linear
correlation in Fig. 16 was made between each of the rosette strain
directions (a, b, and c) and the velocity data from the nonintrusive
laser vibrometer. When cracks are present in biaxial specimens, they
are detected by a rapid decrease in the single point velocity reading,
which is due to a change in the specimen’s stiffness.

A valid assessment of biaxial fatigue strength requires the
calculation of an equivalent stress. The von Mises stress calculation
is used because the loading is fully reversed. To determine the
von Mises stress, strain transformation relationship is used to
calculate the principal strains from the rosette gauge results [18]. The
principal strains are determined by Eq. (7), where the subscripts a, b,
and c represent strain in the three directions of the 60 deg rosette, and
the numbers 1 and 3 represent the two principal strains due to 2-D
strain transformation analysis. The principal stress corresponding
to the principal strain can be determined by applying Hooke’s law
of general stress state [Eqs. (8–10)], where � is Poisson’s ratio and
E is the modulus of elasticity. Using the principal stress results, the
von Mises stress is calculated with Eq. (11):
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"a � "b � "c

3
	

���
2
p

3
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Fig. 15 Biaxial FEM: a) mode shape, b) von Mises stress, c) x-direction stress, and d) y-direction stress.

Fig. 16 Linear calibration of the delta rosette strain gauge and the laser

vibrometer.
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IV. Experimental Results

A. Monotonic Shear

Experimental data from an Al 6061-T6 monotonic shear test is
shown in Fig. 17. These results were acquired with a square rosette
strain gauge (CEA-13-062WT-350). Unfortunately the maximum
elongation of this gauge, which is 3% strain, is rated for strains
lower than the fracture shear strain of the tested specimen. To acquire
strains up to the point of fracture, two individual large elongation
gauges (EP-08-125AC-350) were used. The use of these gauges
reduces the precision of the gauge placement. However, an agreeable
comparison between the square rosette and the large elongation
gaugewasmade in Fig. 18 to validate the precision of the application.

Equation (12) represents the monotonic shear stress–strain
relationship. The parameters for this equation are defined the same
way as the corresponding parameters used in the monotonic-tensile
case [Eq. (1)]: � is the shear stress level, G is the shear modulus,
and �o and �o are curve-fit constants. The curve-fit constant �o is
determined by Eq. (13), where �u is the applied stress of gauge
failure, �y is the 0.2%yielding shear stress, and�u is the shear strain at
failure of the gauges. The parameter �o is acquired by curve-fitting
Eq. (12) tomonotonic test resultswith aMATLABoptimization code
[12]. The necessary parameters for Eqs. (12) and (13) are shown
in Table 1.

� � �

G
� �o sinh

�
�

�o

�
(12)

�o �
�u � �y

ln ��u=0:002�
(13)

B. Low-Cycle Testing

Low-cycle Al 6061-T6 experimental data was curve-fit with the
shear stress–strain representation of Eq. (14). In this equation, Cs,
and �c are the curve-fit parameters and �pp is the generalized cyclic
shear stress for the corresponding cyclic strain �cycle (�pp is sub-
stituted by 2� after all derivations are completed). Like the tension/
compression case, shear curve-fit parameters were acquired based
on two assumptions: a generalized coordinate system is used, and
tensile and compressive stress–strain behavior are the same.
Following these assumptions, three low-cycle tests were conducted:
two fully reversed and onewithmean stress. Each test was conducted
up to a cycle count of four. This cycle count is not at thevalue atwhich
most materials reach stationary surface temperature during fatigue.
However, Al 6061-T6 experiences minimal temperature change
during cyclic loading [19]. Therefore, the low-cycle application
conducted for shear analysis is acceptable. Similar to the tension/
compression analysis of [10], Eq. (14) is curve-fit with each
individual low-cycle case using a MATLAB optimization code [12].
The core of this code is the calculation of the standard deviation of the
percent difference between Eq. (14) and the low-cycle experimental
data. The results in Table 2 show that the fully reversed data at the
third cycle of the 82.7 MPa load provide the best fit:

�cycle �
�pp
G
� 1

Cs
sinh

�
�pp
�c

�
(14)

C. Shear Fatigue Results

Based on the assembly of the Iosipescu fixture, some parts of the
fixture are unable to handle large tensile loads for long durations.
Therefore, all fatigue tests were conducted at R��10. This means
that the MTS machine and the test fixture stay in compression
throughout the entire fatigue process. Since a shear load cannot be
designated as compressive or tensile, however, the experimental
fatigue mean loads were observed on a positive scale (i.e., R� 0:1)
to simplify the fatigue-prediction manipulations. Shear fatigue
results for Al 6061-T6, based on this positive loading scale, are
shown in Fig. 19. To ensure accuracy in the test-fixture capability,
experiments were conducted at frequencies between 10 and 15 Hz,
which limited shear fatigue data in Fig. 19 to 105 cycles.

D. Uniaxial and Biaxial Test Results

Experimental fatigue-life data for uniaxial tension/compression
and biaxial bending specimens were acquired from three different
stocks of aluminum alloy. The exact alloys are unknown; however,
experiments were conducted to attain the necessary mechanical
properties of each material. The procedure for acquiring an axial
fatigue-life-prediction method was followed for each aluminum-
alloy stock [10]. Therefore, a few different uniaxial experimental
results were required to develop the prediction method. First, numer-
ous tensile tests were conducted to attain necessary mechanical

Fig. 17 Monotonic shear stress–strain results.

Fig. 18 Monotonic comparison between three different gauge results.

Table 1 Material properties for shear strain

approximation: Al 6061-T6

�y, MPa 165.1
�u, MPa 195.0
�u, mm/mm 0.034205
�o, MPa 10.6
�o, mm/mm 6:20E � 11

Table 2 Computational results for cyclic stress–strain curve

fit: Al 6061-T6

�, MPa �mean, MPa Cycle no Cs �c, MPa Std

68.9 68.9 2 1:43E� 07 20.3 6.0859
82.7 0 2 1:00E� 05 64.8 2.2969
82.7 0 3 1:00E� 05 93.4 1.7009
96.5 0 1 1:00E� 05 50 2.4535
96.5 0 2 1:00E� 05 47.9 2.6532
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properties and energy results. Then tension/compression fatigue and
low-cycle hysteresis test were conducted so the life-prediction
method could be applied to each aluminum-alloy stock. The tension
compression fatigue results are shown in Fig. 20.

Biaxial fatigue results were acquired from 11 specimens using a
step-test method [20]. Themethod is conducted by cyclically loading
a specimen at a specified number of cycles and at an alternating stress
level much lower than anticipated fatigue stress. If failure does not
occur by the end of the specified cycle count, the stress level is
increase by a small fraction and the cyclic test is repeated. This entire
process is continued until failure occurs. The results of the experi-
mental biaxial fatigue tests are shown in Fig. 21.

V. Shear-Energy-Based Fatigue Analysis

Energy-based fatigue-prediction analysis was developed based on
the belief that the total strain energy required for monotonic failure is
equivalent to the strain energy accumulated from cyclic failure.
Because of this statement, a strain-energy density representation was
developed for monotonic and hysteresis shear cases. Each strain-
energy density representation is used to formulate the fully reversed
energy-based shear fatigue-prediction criterion expressed by
Eq. (15):

N � Cs
�u��u � �u

2G
� � �o�o�cosh��u�o� � 1�

2�cf ��c sinh�
2�
�c
� � �cosh�2�

�c
� � 1�g (15)

Since R� 0:1, mean stress effect was incorporated into the
energy-based prediction analysis. Mentioned in Sec. II, there are two
main effects in the prediction analysis caused by mean stress: strain-
energy density is dissipated monotonically, and plastic deformation

per cycle is increased. Themean shear stress �mean effects are applied
to the monotonic and the fully reversed cyclic strain-energy density
expressions used to construct Eq. (15). The resulting expressions are
shown by Eqs. (16–20), where dividing Eq. (16) by Eq. (17)
[Eq. (21)] predicts the number of failure cycles based on shear stress
amplitude and a mean shear stress:
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The energy-based fatigue-life-prediction method for the fully
reversed and theR� 0:1 cases are successfully compared with shear
experimental results in Fig. 22.

VI. Multi-Axial Energy-Based Fatigue Analysis

To develop the energy-based multi-axial fatigue-life-prediction
method, the general state of stress for an object in a monotonic and
cyclic case was observed. Unlike the conventional state of stress
analysis [21], the strain-energy functions are nonlinear. Critical strain
energy is a constant scalar, and it is thus the monotonic strain energy.
The effective strain energy per cycle, however, is acquired with the
summation of effective strain energy (strain energy per surface area)
for the six stress components acting on a general structure, which is

Fig. 19 S–N data for shear loading.

Fig. 20 Fully reversed experimental tension/compression fatigue-life

results.

Fig. 21 Experimental biaxial fatigue-life results.
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expressed by Eq. (22). This equation is made up of two terms: the
effective strain-energy summation based on the shear stresses (i.e., �
is equal to �xy, �yz, or �zx), and the effective strain-energy summation
based on the normal stresses (i.e., � is equal to �x, �y, or �z). The
variable Ry in Eq. (22) denotes the distance from the neutral axis of
the specimen. The effect of Poisson’s ratio was neglected in the
summation of the normal stresses. Poisson’s ratio phenomenon on
strain is determined by the deformation of the cross-sectional area of
an object that is subjected to an applied load. Since high-cycle multi-
axial fatigue operates at stress levels well within the elastic region of
most metallic alloys, the cross-sectional deformation experienced
during high-cycle multi-axial fatigue is minimal. Therefore, the
exemption of Poisson’s ratio from Eq. (22) should have minimal
effect as well:
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(22)

Equation (22) is generally used to determine effective strain
energy per cycle during multi-axial fatigue prediction. However,
principal stresses can be used if the uniaxial loadingmechanism is the
same in the normal Cartesian directions (x, y, and z). By applying the
principal stress laws, the multi-axial strain-energy density per cycle
can be expressed by Eq. (23), where the subscript p denotes the
principle direction effective strain-energy expression being added in
the summation. Multi-axial fatigue-life-prediction for biaxial loaded
specimens is conducted by dividing the critical effective strain
energy by Eq. (23). This prediction is compared, with promising
results, to biaxial experimental data in Fig. 23:
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VII. Conclusions

The content of this document provides two new and meaningful
criteria for fatigue assessment: 1) energy-based shear fatigue-life-
prediction and 2) multi-axial fatigue-life-prediction. Each criterion
has been validated through comparison with experimental shear
and biaxial fatigue results, respectively. Improvements to the multi-

axial life-prediction method can be made by developing a new
equivalent stress value that incorporates the nonlinear displace-
ment-load functions used for the energy-based analysis. The new
expression will be determined using the distortion-energy theory,
which states that yielding begins when energy stored in an element
under multi-axial loading is equal to the energy stored in an ele-
ment under uniaxial loading [21]. Equation (24) is the expression of
the distortion-energy theory, where �E is the new equivalent stress:
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Furthermore, since the prediction method introduced in this
manuscript is energy-based, it can also be incorporated into a
minimal potential energy calculation. This capability is influential,
especially to aircraft engine design via FEM software. Most FEM
software does not have a fatigue-life-prediction mechanism. There-
fore, the development of the energy-based fatigue-life-prediction
method for objects under shear and multi-axial loading is also a
stepping stone for the advancement of FEM software.
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